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An analytical solution is presented for the rate of energy transfer in unilamtllar vcsic1c.s formed hv bina~ misturcs of 
phospholipids showing lateral phase separation. The analytical approach developed here is mninIy bawd on gcomctrical 
considerations and, therefore. is formally different for lateral phase separation phenomena taking place in the gel and in the 
liquid crystalline states of the lipid system. The rate of energy transfer among donor and wxcpror m~leculcs attached to 

chemically different phosphdipids is mathematically correlated to the average cluster size of the less-rich component of the 
binary mixture. thus allowing its calculation from experimental measurements. Moreover. the equations dcrivcd here permit the 
calculation of the average cluster size as a function of the concentration of each lipid component within certain ranges. and thic 

can be used to improve our knowledge of the thermodynamics of thcsc processes. 

1. Introduction 

Fijrster energy transfer is being increasingly 
used as a powerful approach to solve biological 
problems (see Stryer [l] for a recent review). In 
particular, it may be very useful to solve problems 
of membrane processes or phenomena altering the 
average distance among donor and acceptor fluo- 
rophores attached to different membrane compo- 
nents_ Membrane fusion, lateral phase separation 
of phospholipids, capping phenomena and changes 
in the aggregation state of membrane-embedded 
proteins ale a few important examples for which 
the average distance among different membrane 
components is being ahered. 

However, little attention has been directed to 
this fact, probably because of the evident compli- 
cations in getting an exact theoretical solution, 
either of the energy transfer efficiency or of the 
rate of the energy transfer for the above-mentioned 
processes. So, although theoretical extensions of 
the FZirster energy transfer have recently been 
made in an attempt to quantirate both the rate and 
the efficiency of energy transfer in a two- 
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dimensional space, such as the membrane surface, 
these theoretical approaches have been derived for 
the simplest case of a random distribution of 
membrane-bound donor and acceptor flnoro- 
phores [2-41. 

Analytical solutions instead of strictly theoreti- 
cal exact solutions appear to be required to over- 
come these difficulties as a very recent paper of 
Wolber and Hudson [S] suggests. In this paper is- 
presented an analytical approach to the quantita- 
tion of the rate of energy transfer for binary 
mixtures of phospholipids undergoing lateral 
phase-separation. The analytical approach derived 
here is mainly based on the fact that the rate of 
energy transfer is mostly determined by the contri- 
bution from nearest-neighbor donor-acceptor pairs. 
It is shown that a quantitative description of the 
lateral separation phenomena of binary phos- 
pholipid mixtures can be achieved by measuring 
the rate of energy transfer among fluorescent de- 
rivatives of their components. 

2. PreKminaxy remdis 

The fact that biological phospholipids show a 
temperature-dependent phase-like transition be- 
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tween the so-called gel and liquid crystalline states 
]6-81 and that lateral phase separation might even 
be dramatically different depending on the physi- 
cal state, gel or iiquid crystalline, of the lipid 
mixture [9], and also the different geometrical 
arrangements of phospholipid molecules depend- 
ing on their physical state suggest the separate 
treatment of the quantitation of energy transfer 
for lateral phase separation phenomena in the gel 
and in the liquid crystalline states of a lipid mix- 
ture. 

The gel-to-liquid transition region can, then. be 
approached as being composed of a mixture of gel 
and liquid crystalline phases in dynamic equi- 
librium [IO]. provided that the proportion of gel to 
liquid states of this mixture can be estimated as a 
function of the temperature by scanning calorime- 
try and/or by measuring the fluorescence polari- 
zation of currently used fhrorescent probes [8]- 

3. Quantitation of the energy transfer of binary 

lipid mixtures undergoing lateral phase separation 

in the gel state 

This case presents the advantage of a known 
spatial distribution of phospholipids in a triangu- 
lar lattice 11 I]. Thus, one can estimate the average 
energy transfer considering the properties of such 
a phospholipid distribution without the use of 
integral continuous methods. but with an analyti- 
cal discontinuous approach based on the simple 
geometry of such systems. 

Table 1 lists the distribution of lipid molecules 

Table I 

Distribution of molecules around a given phospholipid mols- 
fulc in a triangular lattice and their relative rate of energy 
trrtnsfcr (X-,) with the central molccuk 

Disc Distance Number et- <x-r) 
number ( r1) molecules 

( II ) 

I 

+ 

6 I.0 
z 6 0.037 
3 6 0.0156 
4 (5-+-7fi)‘~~~ I2 0.0033 
5 3 6 0.00137 

around a given lipid molecule in a triangular lattice. 
Table I also gives the value of the relative rate of 
energy transfer of a phospholipid molecule with 
each one of the discs of another molecule. (k,). 
surrounding it_ The values of (k,) were calculated 
using the classical equation of Fiirster for the rate 
of energy transfer. X-,(r), between a donor and an 
acceptor separated by a distance r [ 121 and the 
relative number of phospholipid molecules in each 
disc with respect to the number of phospholipid 
molecules in the first disc around a given mole- 
cule_ These equations are: 

(1) 

(k,)=[li,(r)/X-,(r,)]11/6, (2) 

where *a is the excited-state lifetime of the donor 
in the absence of acceptor; R,. the distance in A 
between the donor and acceptor at which the 
transfer efficiency is 50%; T,, the average inter- 
molecular distance of the triangular lattice and II, 
the number of phospholipid molecules in each disc 
surrounding a given phospl olipid molecule. The 
assumption implicitly made is that in going from 
one disc to another, there is no change in the 
average orientation factor, K’. contained in R, 

r121. 
These data show that to a good first approxima- 

tion, one can consider only the contributions to 
the observed rate of energy transfer arising from 
the nearest-neighbor molecules. In fact. the error is 
less than 6% in doing so. However, the problem is 
greatly simplified. Also, it can be seen that the 
error in the average rate of energy transfer, ne- 
glecting the contributions of the discs higher than 
the third, is less than I%%. However, simplification 
of the problem and consideration of the opera- 
tional errors suggest the analysis of energy transfer 
as if it arises only from the nearest-neighbor mole- 
cules. These assumptions still hold for binary lipid 
mixtures in unilamellar vesicles, since the effect of 
the bilayer curvature on the energy transfer ef- 
ficiency is negligible 133 and the minimum distance 
among polar head groups of the phospholipid of 
the inner and outer leaflets of the bilayer is clearly 
larger than 3r,. 



3.2. Anabsis of ideal cases 

3.1.1. Ideal ntixrure of phospholipids 

This case implies a random distribution of both 
lipids, i.e., that no preferential self-association of 
phospholipid molecules of each class occurs. If N,, 
and Na are the numbers of molecules of phos- 
pholipids A and B, respectively, the number of 
A-B contacts, C,,. is given by 

C Aa =6[T -K/(X, +%)]K- (3) 

Hence, the average rate of energy transfer for 
this case can be written as 

with 0,, = C’,/6N,, i.e., the fraction of the total 
A contacts involved in interactions with B mole- 
cules. 

(W=[t -N,/(% +%)]L&(r,). (4) 

where 1; is the fraction of B molecules labelled 
with the acceptor fluorophore. 

3.1.2. Conzpieze& immiscible phosphokpids 

This case can be mathematically expressed as 

AC, =:(AG, + AGaB) - AGAB Z+ RT. (5) 

where AC, is the excess Gibbs free energy associ- 
ated with the formation of one A-B contact from 
A-A and B-B contacts. As a general rule. it follows 
that in these cases the more compact (closest) 
structures must be formed, since for this kind of 
structure the number of contacts, C,,. is the lowest 
possible. Hence, the expression for the average 
rate of energy transfer has to take this into account. 
Considering what has been established in the pre- 
ceding sections of this paper, for the case in which 
donor and acceptor groups are attached to com- 
pletely immiscible A and B molecules, respectively, 
the average rate of energy transfer is given by 

where @,a is now C,,/6n, in which n is the 
number of lipid molecules in the duster. There- 
fore. we need to know the dependence of C,, 
upon the total number of molecules of the cluster 
to correlate (X-r) with the actual average cluster 

size of the less-rich component of the mixture. 
This is derived in appendix A. Substituting the 
value of C.&S. FZ_) into eq. (6). we obtain. for 
clusters up to six molecules: 

(k,)=[(2~~+6)/6~1]f,k~(r,). 2srzs6 (7) 

and for larger cluster sizes: 

(x-r>= (6n)-‘(6-t 12[s+,rr,,/6(s+ I)]} 

X@,(r, ). (8) 

where s is the number of complete lipid shells of 
the cluster which is an integer 2 I and FI,,, the 
number of lipid molecules in the incomplete outer 
shell of the cluster (see appendix A for more de- 
tails). 

Eqs. (7) and (8) give the dependence of the rate 
of energy transfer for the case of complete lateral 
phase separation as a function of the cluster size of 
the less-rich component of the lipid mixture. the 
cluster size being expressed in terms of its average 
number of shells in eq. (8) and determined in this 
situation just by the molecular ratio of both lipid 
components and the average size of the vesicle. 

3.2. The real case.- pariial lateral Iipid phase separa- 
tion 

For this case. the fraction of the less-rich phos- 
pholipid component of the mixture. C,. is related 
to the concentration of each cluster by 

C, = 2 iC,. (9) 
r=, 

where C, is the concentration of the cluster con- 
taining i phospholipid molecules of class A and C, 
is the total fraction of the A molecules. 

Thus, according to eq. (6) we can write for the 
average rate of energy transfer: 

(kl-)= C,_%k,(r,) 

x 5 c,e*,(r,, ?I,,,.,) (IO) 
i=, 

Substituting for CAB(s,, FZ,,,_~) the value derived in 
appendix A, the summation of eq. (10) can be 



written as follows: 

= 2 C,/i+Jj _i C,+2 2 (Sr_J,,/k)C,. 
,=I ,=2 1=7 

(11) 

Here s,,,~~ = So + nexcmA /6(s, + 1) and gives the 
value of the total closed shells plus the fraction of 
the one being formed. Let us now neglect the 
population of clusters containing less than six lipid 
molecules because this has to be very low for the 
systems under consideration_ Using eq. (11) and 
bearing in mind the above-mentioned simplifica- 
tions. we finally obtain: 

= (G/<i>)((i)-’ + 2(s,/i)). 

since 

(12) 

C, = (i) 2 C,. (13) 
i=I 

,>I 

i~,c,/i=<l/O 2 c, (14) 
I=1 

and 

Eq. (13) introduces the average cluster size, (i), in 
terms of its number of phospholipid molecules, 
and eq. (15) introduces the average cluster size. 
(s;/i), in terms of the ratio of cluster shells to 
lipid molecules in the cluster. 

Combining eqs. (10). (12)-(15) we finally ob- 
tain for the average rate of energy transfer: 

<kT)=f3kT(Tl)(j)-‘((l/j)+ 2(s,/i))- (16a) 

The last term in eq. (16a) can be written as 
(( 1 + 2s,)/i) = $ {O, /i), where Oi is the diameter 

of cluster i, which is assumed to be circular. in r; 
units, rc being the functional radius of the ideal 
circular surface element occupied by one phos- 
pholipid molecule (note that this value should be 
close to $r,. but not necessarily equal to it). Since 
the total surface area. S, of a circular cluster of i 
phospholipid molecules can be written as S = mir,’ 
= (1 + 2s,)%r$, it turns out that ( Di/i)- (D,-‘)_ 

On the other hand, we can visualize the cluster 
distribution at equilibrium. on the basis of its 
dynamic nature [IO], as a group of clusters of A 
molecules of a size practically constant in terms of 
D, and isolated A molecules which are being in- 
terexchanged among clusters. Then, we can write 

CD,-‘)= l/D<,> and, therefore: 

(kT)= $fakT(r,)(i)-’ D<I>‘- (16b) 

Due to the monotonic character of the function 
<i)- ’ D<I>‘, the value of (i) is determined once the 
value of this function is known. Thus eq. (16b) 
allows us to calculate the average cIuster size of 
the less-rich component of the phospholipid mix- 
ture, termed phospholipid A. in the gel state by 
measuring the average rate of energy transfer 
among donor and acceptor molecules attached to 
phospholipids A and B, respectively. In addition, 
as shown in appendix B, the calculation of the 
average cluster size of phospholipidA in the gel 
state as a function of its concentration contains in 
itself the necessary information to evaluate the 
excess free energy AGAB - +(AG, + AG,,). 
Therefore, the thermodynamic description of the 
phase separation of a phospholipid mixture in the 
gel state can be greatly improved from energy 
transfer measurements. 

4. Quantitation of the rate of the energy transfer of 
binary lipid mixtures undergoing lateral phase sep 
aration in the liquid crystalline state 

Above T, an important feature is the loss of the 
triangular arrangement of phospholipid molecules 
[ll]. The distribution of phospholipid molecules 
around a given phospholipid molecule can then be 
estimated using continuous integral methods in- 
stead of the discontinous one used above. For 
these cases the average rate constant of energy 



transfer between an excited donor molecule and its 

surrounding acceptor molecules can be derived 

(see appendix C) and is given by 

(k(r))= +r-” -u-“). (17) 

where z = CZBZ-/~~, a being a normalization factor 

such that crjOR~P(r)dr= NB/NA. and B is the con- 

stant of the Forster equation kr( r) = Br -‘_ giving 

the rate of energy transfer between a donor- 

acceptor pair at a distance r [12]. 
This equation holds only if no preferential self- 

association of each class of phospholipids, i-e.. 

phase separation, occurs. However. when phase 

separation takes place the average distance be- 

tween two chemically different phospholipid mole- 

cules is dependent upon the cluster size of each 

kind of phospholipid. Nevertheless, at low con- 

centrations of one phosphohpid, this can be seen 
as if one phospholipid is dissolved in the other and 
consideration of clusters of only one of the phos- 

pholipids becomes necessary_ For simplicity, as 
will be seen below, it is assumed here that this 
‘dissolved’ phospholipid is the one carrying the 
donor fluorescent group. Again, the A molecules 

are the ones being dissolved or undergoing phase 
separation from the solvent phospholipid B. If this 

is the case, the average rate of energy transfer, 
(X-,), can be written 

z=l 

where ki is the average rate of energy transfer per 
phospholipid molecule in a cluster of i molecules. 

Evidently. E, must be a function of the cluster 
size. i, and we will derive its expression next. 

4.1. Calculation of iFi 

For a cluster of only one molecule, i = 1, it 

immediately follows that k,( (I) = (k( R,)), where 

(k(R,)) is given by eq. (17). 
The value of & for clusters of i molecules, 

2 =S i =Z 7, is given by the expression: 

K, = fy,e/ORgexp( --A/r”kT)r-‘dr 

‘exp( --A/#‘kT)r-‘dr, (19) 

where y, is the average fraction of the disc sur- 

rounding a lipid molecule of cluster i which is 

directly accessible to this lipid molecule. This value 

can be calculated approximately, assuming that 
each polar head group of a lipid molecule occupies 

a circular area of the vesicle surface and that the 
most compact structures are always formed. The 

formation of the most compact structures is based 

on purely thermodynamic grounds, since these 

structures have the minimum number of contacts 

between chemically distinct phospholipids. thus 

minimizing the 4G value of the whole system. 

Values of y,. equal to 7/9. 2/3. 7/12. 24/45 and 

l/2 are obtained for cluster sizes from 2 to 6 with 

these assumptions_ The remaining symbols in eq. 

(19) are defined in appendix C. 

It should be noted that the second term of eq. 
(19) represents less than 8% of the value of E, in all 

these cases and that, since for lipid systems under- 

going phase separations the total population of 
these clusters must be very low, the error in- 
troduced by neglecting this term in the average 
(kr) of the system can be considered negligible_ 

For a cluster of i molecules in which i > 7, this 

term can be written as 

,=I 

where the summation is extended over all the 
shells of the cluster. s,; I_‘, is the number of mole- 
cules in each shell and J?, the value of the average 

rate of energy transfer for each molecule of shellj. 

Assuming a circular shape of the cluster. since 
this is the most compact structure. the following 

formula for <, can be derived 

K] -fXr,(o) +p:,_, -p;. (21) 

where 

4 r 
PT./, = hqF4, +-(s, -_j)qJ’. (22) 

p;: = &<ica&4. (23) 

The factor $ has been introduced in eqs. (21)- 

(23) to account only for the surface fraction of 

each A molecule closer to the outer surface of the 

cluster_ 



Eq. (21) gives a highly complex dependence of 

L!, upon the shell number, but it can be greatly 
stmplified by physical considerations_ For a donor 

phospholipid molecule in the third shell from the 

outer side of the cluster, the closest distance to an 

acceptor phospholipid molecule is approximately 

three times that to an acceptor molecule for a 

donor molecule of the outer shell (assuming that 

aA, /GA/\ - 1). On the other hand, the number of A 

molecules in the outer shell of a cluster is larger 

than that in the third shelf from the outside of the 
cluster_ Hence. the probability of energy transfer 

between an A donor molecule of the outer shell 

and a B acceptor molecule is clearly higher than 

the probability of this process taking place with 

one A donor molecule of the referred third shell. 

Thus, the average rate of energy transfer. (kr). 
for a molecule of the outer shell is greater than 81 

times that for a molecule of the third shell from 

the autside. So, the contributions to the average 

rate of energy transfer from the molecules of the 

inner shells up to and including the third one from 
the outside can be neglected. Then, eq. (21) need 

only be applied to the two external shells without 
incurring an appreciable error (C I%)_ 

Bearing in mind these considerations, we can 

write 

Kr = i - ’ ( tz,,k7,, + II,, _ ,K_,, _ , ) _ (24) 

On the other hand, the number of lipid mole- 

cules in shell j. 12,. can be calculated using the 

equation 

?I = 
hS,_ s, -s,-I 

J s - %=I_ 
=S(j- 1). j==2, (25) 

PI_ 

where S, and S,_, are the areas of the clusters 

having j and j - 1 shells, respectively, and S,, is 

the ‘effective’ area occupied by the phospholipid 

molecule in the cluster (S,, = c-RX)_ It can be 

easily shown that S, = ~5’. with 5 = (2j - l)R,. 

Substituting the values of tr,* and tz,, _ , given by 

eq. (25) and the values of k,, and k,, _, given by 

eq. (21) into eq. (24) we obtain: 

ii’, -(S/i){(s, - l)[k,(a)+p: -pz] 

-_tk,(o)-p: +p;>_ (26) 

4-L Average rate of enerm transfer 

Substituting the values of E, derived in section 

4.1 into eq. (18): 

‘,tO) i (Y,i)c,&A ,= 1 

-$x-,(o) -p’: +p:] . I (27) 

where 1;, C,, k,(r). p,_ p, and y, are known. 

Further simplification of eq. (27) can be done, 

bearing in mind that we are concerned with sys- 
tems undergoing phase separation. i-e.. with a 

strong tendency to self-association_ So. the total 

population of very small clusters containing up to 
seven phospholipid molecules must be almost 

negligible_ Therefore. we can assume that the con- 
tribution to (kr) from these terms can be de- 

scribed approximately by the higher cluster contri- 
bution term without an appreciable error. In addi- 

tion. R, Z+ (I and then k,(a) = 2~:. With these 

simplifications and combining eqs. (13). ( 15) and 

(27) we obtain: 

(kr)= {8[4k,(u) + p~](s)/(i> 

-8[+k,(o) + 2p:](i)-‘}f,c,. (28) 

Eq. (28) allows the calculation of the average 
cluster size in terms of the ratio of its average 

number of shells, (s), to its average number of 
lipid molecules, (i), for binary mixtures of lipids 
undergoing phase separation in the lipid crystal- 

line state directly from the measured rate of en- 

ergy transfer among donors and acceptors at- 
tached to chemically different phosphohpid mole- 

cules as a function of the concentration of the 

less-rich lipid component of the mixture. It is also 

clear that for these systems (s)/(i)> (i)- * and, 

hence, that the first term of eq. (28) will provide 

the most important contribution to the average 

rate of energy transfer in these situations_ 

Finally, it seems worthwhile to remark here that 

the calculated average cluster size of the less-rich 



lipid component of the binary mixture as a func- 
tion of its concentration can be used to improve 
our understanding of the thermodynamics of the 
lateral phase separation process (see appendix B 
and also section 3.2). 

5. Concluding remarks 

An approach to quantitate the average rate of 
energy transfer for binary lipid mixtures undergo- 
ing phase separation has been developed in the 
preceding sections_.The generality of this approach 
is restricted by the following assumptions: 

(i) A triangular lattice for lipids in the gel 
state. 

(ii) A negligible relative population of small 
clusters_ 

(iii) A random orientation among donor and 
acceptor molecules, i.e.. an orientation factor of 
K’ = 2/3. 

(iv) The existence of a large number of accep- 
tor molecules per donor molecule. 

Assumption (i) is justified by the very well 
known phospholipid arrangements in the gel state 
[I I], while assumption (ii) is a direct consequence 
of the very nature of the phase separation phe- 
nomena_ Assumption (iii) suggests the use of donor 
and acceptor molecules attached to the polar head 
group of the phosphohpids. since for these cases 
K’ = 2/3. as a result of the simultaneous averag- 
ing over space and time, and of the very low 
concentrations of fluorescently labelled phos- 
pholipids to be used in these studies (C 5%) [2.3]. 
Assumption (iv) merely establishes a condition for 
the experimental design of the experiments. 

Perhaps. it should be mentioned here that as- 
sumption (i) has to be changed for problems other 
than those analyzed in this paper, as has been 
done in the following paper for problems dealing 
with the distribution and average aggregation state 
of intrinsic membrane proteins. and eventually it 
can be used to gain insight into unknown geomet- 
ric arrangements of membrane components by 
comparison of the experimental results with those 
predicted theoretically according to different geo- 
metric models. 

It seems worthwhile to analyze here in some 

detail the major criticism in the use of energy 
transfer for obtaining information about lateral 
phase separation phenomena. namely. the per- 
turbation introduced in the lipid system by the 
fluorescently labelled phosphohpids. Firstly. the 
small amount of fluorescently labelled fractions of 
each lipid of the mixture needed for doing these 
kind of studies [2.3]: Fung and Stryer [3] have 
demonstrated the absence of morphological altera- 
tions of lipid vesicles containing up to 2% phos- 
phohpids fluorescentiy labelled in the polar head 
group with respect to control ones formed under 
the same conditions without labelled phospholi- 
pids. Two extreme kinds of perturbations can then 
be attributed to the labelled phosphohpids: these 
are: (a) the fluorescent derivatives might undergo 
phase separation by themselves even from the 
same unlabelled phosphohpid and (b) steric fac- 
tors owing to the large size of donor and acceptor 
molecules attached to the phosphohpid polar head 
group can promote cluster disruption. The first 
possibility can. at least, be ruled out for various 
donor-acceptor pairs because in a recent study 
Fung and Stryer [3] have demonstrated that these 
labelled phosphohpids are randomly distributed 
when incorporated into dipalmitoylphosphati- 
dylcholine vesicles and thus this can always be 
tested as these investigators have shown in the 
above-cited study. Furthermore. scanning calorim- 
etry of mixtures of normal and fluorescent phos- 
pholipid derivatives can be used as an additional 
control test to choose fluorescent derivatives pro- 
moting a negligible alteration in the melting pro- 
file of the phospholipid [6-S]. The second possibil- 
ity can be disregarded because of the very low 
concentration of labelled phospholipids used in 
these experiments_ 

The average efficiency of energy transfer, (ET)_ 
should be mentioned. This is given by the equation 

(Er)= (X-/(k” i-k)). (29) 

where X-, is the rate constant of the overall de- 
excitation process of the donor fluorophore in the 
absence of acceptor molecules. It turns out that 
the evaluation of (ET) using this equation in 
terms of those derived previously presents serious 
mathematical problems. An approximation to 
overcome these difficulties is to work with low 



levels of energy transfer. i.e., using conditions un- 
der which the extent of energy transfer is lower 
than or about 10%. because under these experi- 
mental conditions kek,, and we can write: 

(ET)= (k/k,)= J:,-‘(k). 130) 

Evidently, this assumption will tend to give a 
slight overestimation of (X->. Using the equations 
derived previously. iterative computer methods can 
be devised in order to obtain a more reliable value 
for (k). Briefly, with the first estimation of (k), 
obtained usjng eq. f30), a first approximate value 
for the average cluster size, {i}, of the less-rich 
component of the lipid mixture can be calculated 
using eqs. f Ida). (f6b) and (28); the value of (i> so 
derived can be used to generate the distribution wf 
lipid cluster by means of eqs. (B.12) and (B.5) (see 
appendix B) and the theoretically expected value 
of (ET) for such a cluster distribution can be 
obtained with the equations derived previously 
and with eq. (29). An iterative computer method 
can then be applied to match the experimentaBy 
measured (ET} and that calculated, using {k} as 
the fitting parameter. 

In addition. for the cases being analyzed here, 
statistical thermodynamic theory provides a rather 
nice alternative approach. For a very Iarge number 
of systems under observation in a canonicaf en- 
semble, we can substitute the average vague of a 
property of the ensemble for its most probable 
value 1 KS]. i-c.. for the property being analyzed 
here: (ET>- E*, with E* being the extent ef 
energy transfer in the most probable state of the 
system. Therefore. eq. (29) can be written as 

(E,j=E* =k”t/[k, i-x-“), (30 

\yhere k* represents the rate of energy transfer 
among doncrr fluorescent molecules within the most 
probable cluster size of the less-rich component of 
the phospholipid mixture and acceptor fluorescent 
mofeeules of the other lipid component of the 
mixture. Using eq. (31), X-* can be estimated from 
the experimental value of (.&r>. With known X-*. 
the mwst probable cluster size can be obtained 
using the equations derived In this paper. 

Simultaneously, the evaluation of the average 
cluster size and duster distributions using both 

approaches, whenever possible, may be used to 
cheek the validity of the hypotheses and ap- 
proximations developed here to describe the physi- 
cal phenomena under consideration. 

In conclusion, the average efficiency of energy 
transfer may allow us to determine the average 
Lipid cluster size as a function of the cortcentra- 
tions of both lipids in the mixture, within limited 
molar fraction ranges, directly from experiment. 
These data can be used to improve our knowledge 
of the thermodynamics of lateral phase separation 
{see appendix B) withwut using any specific kinetic 
model. 
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Let zr be the total number of molecules of the 
generic cluster. We assume in the foflowing that 
the most compact duster possible is always formed. 
Then, for 2s n G 6, C,, can be empiricahy de- 
termined : 

c AH =2nf6_ IA.11 

For iarger values of n, C,, can be more easily 
related with the number of closed shelfs. 

Note that the number of molecules in a closed 
shell of triangular lattice is equal to 6s where s 
refers to the order number of the shdl starting 
from the inside of the cluster (s = 1 corresponds to 
the smallest hexagon). Also, it can be noted that 
tbe total number of contacts A-B of a closed shell 
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C&(S) = 6(2s -t l)_ (A-2) 

However, a cluster size of n molecules will have 
some excess of molecules, n,,,, over those forming 
closed shells. Then, 

c,a(s, nex.2 1 =%X(6 - 2r) + G,(s)* (A-3) 

where r represents the ‘average’ number of con- 
tacts of a molecule of an incomplete shell with the 
s:lme class of molecules (phospholipids). The prop- 
erties of CAB(s,nexe) allow us to calculate r: 
C,,(s, R~,,) = C&&s + I), when n,,, = 6(s + I). 
Hence: 

r==3- l/(ss- 1). (A.41 

Thus, substituting the value of r given by eq. 
(A-4) into eq. {A-3), we obtain: 

C&JS_R,~) =6+ 12[s-+-n,,/6(s+ l)]. (A-5) 

where 

0 < ~,,/‘6( s -+- 1) ( 1. by definition of nerc 

On the other hand, the relation between the 
total number of molecules. n, in the cluster and 
the values of s and n,,, can easily be derived: 

n=1+6(1+2+___+f)~n,, 

= 3s(s + l)?zcxc + 1, (A-6) 

so, with known s and ncVc, the value of 11 is also 
determined. 

AppendixB. Evaluation of the excess free energy 
of A-B contacts and cluster size distribution 

A+& AB, AG,, = --RTln K,,. 

B + B% BB, AG,, = --RTIn K,, 

and the excess free energy of an A-B contact 

AG, = ~(AG, +-AC,,) - AGAs = --RTln K,, . 

lu, = KxzK;<z/KA, _ (B-2) 

Now. let us consider the case of a cluster size of 
II molecules of the A phospholipid, 2s )I <6_ In 
this case, during the process 

A+A,,:A,,+,, AC{?? --z-f- I). 

the net loss of two A-B contacts occurs. Thus. we 
can write 

AG(n--11-t I)= -RTlnK=2AG~. K==KZ. 

03-3) 

On the other hand, for clusters of more than six 
phospholipid molecules. during the process 

A+A,zA,_, (p>6). AG(p--pt I). 

an average of r contacts between the newly incor- 
porated A molecule and the A,, cluster are estab- 
lished (see appendix A)_ Since it can be assumed 
that these contacts come from earlier A-B con- 
tacts, it can be written: 

AG( p -p f- 1) = -RTln n’;; = rAG,, K,: = KG. 

W-4) 

From eqs. (B-2)-(B-4) it can easily be shown 
that 

where ci is the concentration of the cluster contain- 
ing i phospholipid molecules of class A and C, is 
the total phospholipid A concentration. 

Let us define the following parameters: 

where p, takes into account the overall ways to 
form c, from ci_, and vice versa. i-e., essentially it 
is an entropic factor. It can be seen that p, = C&i 
- I)/C,,<i), where C,,(i- 1) and C,,(i) are the 
total number of A-B contacts of clusters of i- 1 

At-Ah;” A,, AGAA= 
and i A molecules, respectively, given by eq. (A-5). 

-RTln Km, Therefore, p, x 1 for clusters containing two or 



more complete shells of phospholipid molecules. Combining eqs. (B-7) and (B-9) and taking the 

Then. we can write derivative of the first term of eq. (B-7) we obtain: 

6 

+ 2 ;p,K~O~r~r-6q 
(P, = 1). (B-5) 

r=7 

(i)K$’ rln Ko&) 
A 

=&+_P d(i) 
(I) dInC,- 

(B-10) 

On the other hand, for a system undergoing 

significant phase separation for which populations 

of clusters containing less than 7 phospholipid 

molecules can be neglected without an a priori 

appreciable error, and using eqs. (13) and (B-5). 

Considering that the assumption K, x=. 1 implies 
K, > 1, then, for this case: (i)Kz’ B I, eq. (B-10) 

becomes 

dInC, = (r(i)InK, + I)dln(i). 

Hence 

(B-1 1) 

d(G/(G) 
WA 

= & T p,~p+-r(+-~)~; 

dC 
= dC, (Z(P,-,/‘~;W:‘c,i 

i 

f- 2 (P,+,/P;Kwz - 1 (B-6) 
I 

Since for these systems we can assume pi + , /pi 
= 1 (see above) and r = constant, this equation can 

be transformed into 

d(G/<G) 
XI 

= K,$‘((i)+ (i)-‘)dC,/dln C,. 

03.7) 

Moreover. the free energy change accompanying 
the growth of a large cluster can be considered 

independent of its size (see eq. (B-5) and the 

discussion above on p, and r)_ Hence. we can 

approach the system as follows: 

R 
PC, f c,. K, = K;““‘p-6’ = [C,]/[C,]“, 

with C, -f-pCP = C,, and if KP =-> 1, as has to be 
expected for the systems under consideration, then 

p ;r. (i) and also 

C, = (CA/(i)K<i>)l’? (B-8) 

Taking the derivative dC,/dC, and bearing in 
mind that (i) x= 1, we find: 

-_--d(i) dC,_ 1 1 + In K,r(i) 

dC4 CXi> dC, (i)’ 
) - (B-9) 

ln( C,/(i)) = r(i) In K. + M, (B-12) 

where M is the integration constant_ Thus, a plot 
of In( C, /(i)) versus (i> will yield a slope equal to 

r In K,. from which K, can be evaluated_ With 

known Ko. LIG, is immediately determined by eq. 
(B-2). Furthermore, the size distribution of clusters 

of A molecules can then be calculated (see (B-5)). 

Appendix C 

In the following discussion, it is assumed that 

the system is in thermodynamic equilibrium and 

that the number of B molecules, Nr,, some of 

which are labelled with acceptor molecules, is 

greater than the number of A molecules, NA. some 
of which are Iabelled with donor molecules, i.e., 

Nr, E+ NA. 

On the other hand, according to Fiirster, energy 

transfer is promoted by interactions of a dipole- 

dipole nature; thus, q(r) = A/#, where A is a 

constant previously evaluated by Fiirster [12]. Be- 

cause of the short lifetime of the excited donors, of 
the order of 10 ns, when compared to the two- 

dimensional diffusion coefficient of phospholipid 

molecules [3], diffusion effects on energy transfer 

among phospholipid pairs can be neglected_ Hence, 

the distribution of B molecules, p(r). around each 

of the randomly distributed A molecules can be 
written as 

p(r) = exp[-*(r)/kT] = exp(--A/PkkT). 

(C-f) 



The probability, P(r)dr, of finding an acceptor 
molecule at a distance between r and r + dr from 
the donor can then easily be evaluated for a two- 
dimensional system, 

P(r) dr= 2Trexp(---A/r”kT) dr. (C.2) 

This function must be normalized to give 

where ng = NB/NA, a is the normalization factor. 
r the sum of A and B radii and R, the average 
radius of the two-dimensional vessels, the vesicles. 
assuming these are spherical. Eq. (C-3) implies that 
we are averaging over half the surface of the 
sphere. 

The average rate constant for energy transfer of 
the system composed of the donor A molecule and 
ng acceptor molecules is given by 

(kT)= cxjR’k,( r)P( r) dr/nJR’P( r) dr 
(I n 

1 
=- nB f-k(+‘(d dr- (C-4) . 

where kr(r), according to Fbrster [ 121, can be 
written as 

kT(r) = Br-” ; (C-5) 

where B is a constant for each donor-acceptor pair 
and is independent of the distance_ 

Combining eqs. (C-2), (C-4) and (C-5). one ob- 
tains 

(C-6) 

The integral can be solved by a Taylor expansion 
of the exponential. considering that r will never be 
lower than u, the sum of the A and B radii. and 
that A/r”kT is always small. Taking only the first 
two terms of the Taylor expansion 

(k,)=c[R’r-5(1 -8Sr-‘)dr 

= c(-sr-“ + +$-lo);*, -&+--J);‘_ 

(C-7) 

where c = Bm/nB and 6 = A/kT_ 
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